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Abstract.
We consider an absolutely continuous Gauss semigroup on a connected Lie group. Integrability and boundedness properties for the corresponding densities are established. Moreover it is shown that the Gauss measures transform integrable functions into infinitely differentiable solutions of certain partial differential equations. Finally, we prove that the semigroup acts on many Banach spaces as a differentiable operator semigroup.
Introduction. In [11] we characterized the absolute continuity of a Gauss semigroup (ju.,),>0 on a Lie group G by means of its generator TV. Moreover, we established some differentiability properties of the densities v, of the measures nr In this paper we continue these investigations. Our results rely on those of [11] . In particular, the hypoellipticity of the differential operator /V -d/dt on the manifold ]0, oo[ X G plays a crucial role. In fact, if A^ -d/dt is even elliptic then our subject has quite a long history, starting in 1959 with Nelson's paper [7] (cf. the discussion in [2, R 6.3] ). The new element appearing in this context is hypoellipticity.
Our Theorem 1 establishes some integrability and boundedness properties of the densities vr Here the important point is that the densities turn out to be square integrable. In particular this gives pointwise estimations. Theorem 2 yields that the absolutely continuous Gauss measures ju, transform Lp(G)-functions into infinitely differentiable functions that solve the partial differential equation N = d/dt on ]0, oo[ X G. Theorem 3 shows that many Banach space representations of G turn the absolutely continuous Gauss semigroup (jn,)i>0 into a differentiable operator semigroup. This is a necessary condition for the semigroup (ju,)r>0 to be holomorphic (roughly speaking this means that ¡i, depends holomorphically on t). It is well known that certain classes of Gauss semigroups are holomorphic (cf. [5, 6, 10, 12] ). But there is still the conjecture (supported by Theorem 3) that every absolutely continuous Gauss semigroup is holomorphic.1
Preliminaries. By R* we denote the set of positive real numbers. A real valued function/defined on R^ is said to be locally bounded if sup{|/(f ) | : 1/s *£ r *£ s} < oo for all s E R* .
If M is a real analytic manifold we denote by QX(M) the space of real valued functions on M which are differentiable infinitely often. ^(M) is the subspace of functions in Q°°(M) that have compact support.
By G we always denote a connected Lie group of dimension n > 1. Let d be a left invariant Riemannian metric on G. We put t(x) = d(x, e), x E G, where e is the identity of G. Let g be the Lie algebra of G and exp the exponential mapping of g into G. Every X E g defines a differential operator X on G by Let LP(G) be the Banach space of (equivalence classes of) real valued Borel measurable functions/on G such that \ff is X-integrable and let 1/1^ = {/ \ff d\}x/p (1 *£/> < oo). <D1t'(G) denotes the space of probability measures on the a-algebra of Borel sets in G. With every ju E 91L'(G) there is associated a contraction operator 7ô n L(G) defined by (T^f)(x) = ff(xy)p(dy) for all x E G and/ E L(G).
A family (m,)f>0 in ÇTL^G) is said to be a Gauss semigroup if no ju, is a point measure, if ps* pt = /xJ+r for all î, í ë R*+ (where * denotes convolution in <9\ll(G)), and if lim,l0/"1iir(Ct/) = 0 for every open neighborhood U of the identity e of G. The semigroup (p,)t>o is said to be absolutely continuous if every measure ju, is absolutely continuous with respect to X (or p).
As is well known, for every/ E b(G) there exists A(f) = Urn y {//¿M, "/(e)). )¡it(dx) : 0 < t < s J < oo.
In particular, for every b E R* , the function
is locally bounded on R* (cf. [6, Theorem 2]).
Theorem B. Let (jnr)r>0 be an absolutely continuous Gauss semigroup on G. Let f E L(G) and put w(t, x) = Tß f(x) for all (t, x) E R* X G. Then the function w is in ß°°(R* X G) and satisfies dw(t, x)/dt = Nw(t, x) for all (t, x) £ R* X G [11, Theo-
Results. Let us now fix once and for all an absolutely continuous Gauss semigroup (jU./)r>o on the Lie group G with generating functional A and representing differential operator 7Y. Then by Theorems 1 and 2 in [11] there exists an infinitely differentiable function # s= 0 on R^ X G such that vt = d(t, •) is a A-density of the measure ju,.
Lemma. Let p E [1, oo[ and f E LP(G) such that f^ 0. Then for every t E R% the integral ¡ir * f(e) = ff(y~l)n,(dy) is defined and finite. Moreover the function t -/i.r * f(e) is locally bounded on R* .
Proof. Let C = R* XG. Now u(t, x) = n, * f(x) is defined for all (t, x) E C (since /s* 0). Moreover, u(t, x) = sup{ju, * min(/, n)(x) : n s* 1} implies the measurability of the function u (cf. Theorem B). Now we proceed as in the proofs of Theorems 1 and 3 in [11]. We shall only give the arguments. By
there is defined a distribution <p on the manifold C. Now P = N -d/dt is a differential operator on C. One easily shows P<p = 0. Since the Gauss semigroup (rlt)t>o is absolutely continuous, P is hypoelliptic [11, Corollary of Theorem 2]. Consequ'ently there exists a function v E GX(C) such that v(t, x) -u(t, x"') for almost all (t, x) E C and such that Pv = 0.
Taking into account Fatou's lemma we conclude u(t, x) < v(t, x"1) for all (t, x) E C. In particular we have ¡i, * f(e) = u(t, e) < v(t, e). Hence the assertion. □ Theorem 1. The densities vt of the Gauss measures ¡x, admit the following properties: (i) For every i)GR* one has ehTv, E LP(G), 1 < p « oo, and ehTvt E G°(G) (all t E R* ).
(ii) For every b E R* the function t ^\ehTvt\ is locally bounded on R* (all />E[l,cc]).
(iii) For every interval [a, ß] in R+ and for every compact subset C of G the function sup{x(u,),, : x, y E C; a =£ t =S ß} is X-integrable and vanishes at infinity.
(iv) Assertions (i)-(iii) are also valid with v* instead ofv,.
(v) vs * vt(x) = vs+i(x) for all x G G and s, t E R* .
Proof. Let ¿> E R* be fixed. Moreover there exist constants a, /c'E R* such that 3. For fixed (GR*+ let g = v,ebT. As just proved we have g, g* £ L2(G).
Consequently h = g * g E S°(G). In view of (v) and T(xy) + t(y) s* t(x) (ail x, y £ G), we have for all x E G: h(x) = fvt(xy)ebT(Xí)vt(y-])ebTir)X(dy) 3= eb^fv,(xy)v,( y~i)X(dy) = eb^v2l(x).
Consequently, ebrv2l E G°(G). Moreover, \ebTv2,\00^\h\00=\g*g\00^\g\2\g*\2=\víeb^2\vrehT\2.
As shown above (cf. 1 and 2), the functions t -^\v,ebT\2 and / -^\v*ehT\2 are locally bounded on R% ; hence the same is true for the function t ^\v,ebr\x. Now for every p E ]1, oo[ we have \v,ebYP = fepbTv,pdX = f {eip-'i)bTvp-l}ebTv,dX Taking into account the first part of Theorem A, assertions (i) and (ii) of Theorem 1 also hold with t2 instead of t if the constants b GR% are chosen sufficiently small. By
there is defined a distribution \¡/ on the manifold C. P is a hypoelliptic differential operator on C such that Pxp -0. Consequently, there exists a function v E 6°°(C) such that Pv = 0 and w = v almost everywhere. But the continuity of w implies w = v. Hence the assertion for w. D Let w be a strongly continuous representation of G by contractions on a Banach space E. For every li E ÇIL^G) there is defined a bounded operator 7r(ju) on E by (■ïï(ix)u,è) = j (ir(x)u,^)¡x(dx) for all u E E and £ E E' (where £" denotes the strong dual of E and {•,•) the canonical bilinear form on £ X E'). Obviously, (77(/x,) ),>0 is a strongly continuous semigroup of contractions on E. By (N", 9lw) we denote its infinitesimal generator. for all s E R^ . This yields tt(li,)u E 9l" and N"(ir(fx,)u) = v. Consequently we have for all | E E':
Thus the theorem is proved. □ Remark. Differentiable operator semigroups have been studied, for example, by A. Pazy [8] . Proof. By Theorem 1 we have vs E LP(G) and trp(fil)vs = ¡x, * vs = vt * vs = vl+s for all s £ R* . Theorem 3 applied Xo E = LP(G), it = irp and u = vs. £ = g yields the assertion. D The Banach space U°(G) is not weakly sequentially complete. But we can establish a result similar to that for the spaces LP(G), p < oo. For this reason let &iu(G) (resp. Gru(G)) denote the Banach space (with respect to the norm | • \x) of all functions in Gb(G) that are uniformly continuous with respect to the left (resp. right) uniform structure on G. Then by T,f(x) -Jf(xy)ix,(dy), f £ G¡U(G) (resp. by S,f = jii, * /, /£ Qru(G)), there is given a strongly continuous semigroup (T,)l>0 (resp. (S,)t>0) of contractions on Qtu(G) (resp. Qru(G)). We denote its infinitesimal generator by (Nlu, 9l,J (resp. by (Nru, % J).
Corollary
2. For all g E LCC(G) and t E R^ the following assertions are valid:
(i) T,g £ %lu andNtu(Ttg) = (N,vt * g*)*.
(ii) ix,* g G %ru and Nru(¡x, * g) = (Ntv,) * g.
Proof. Let g E LX(G) and t £ R* be fixed. In view of ¡x, * g = (T,g*)* it suffices to prove (ii). First of all we observe ¡x, * g -v, * g £ Qru(G) [1, (20.16) ]. Furthermore, for all s E R% the following estimation is valid:
\s~\n, * (fx, * g) -fx, * g] -(Nxv,) *g\x<*\s-\\Ls * v, -v,} -/V,u,|, \g\x. Now Corollary 1 yields the assertions. D
